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1 Introduction 



This paper is a natural continuation of the previous papers [6] and [2]. In j6], see also sec. 
7.2 in [5J to which we mainly refer in what follows, all one-particle Calogero Hamiltonians 
H c associated with self-adjoint (s.a. in what follows) Calogero differential operational 

H = -d\ - a/x 2 ,x E R+, a e R, (1) 

a is a dimensionless coupling constant, were constructed as s.a. operators in L 2 (R + ) and 
their spectra and (generalized) eigenf unctions were evaluated including inversion formulas. 
In [2], the so-called oscillator representations for nonnegative Calogero Hamiltonians if e , 
H c > 0, with a > —1/4 were constructed. An oscillator representation is a representation 
of the form 

H e = c + c } (2) 

where c and c + is a pair of closed mutually adjoint first-order differential operators, c + = 
(c) + , c = c = (c + ) + . Such a representation makes evident that the Hamiltonian H t is 
nonnegative. Here, the results in [2] are generalized to all Calogero Hamiltonians with 
a > —1/4, generally not nonnegative, in the form of generalized oscillator representations. 
The initial basic ideas of the generalization are as follows. 

As is known, all Calogero Hamiltonians with a > —1/4 are bounded from below [3]. 
From the general standpoint, this is a consequence of that the initial symmetric operator 
H associated with H with a > —1/4 and defined on the subspace £>(R + ) of smooth 
compactly supported functions is nonnegative and therefore, all its s.a. extensions H t , 
which are just the Calogero Hamiltonians, are bounded from below [H U\. This implies 
that for each Calogero Hamiltonian H t with a > —1/4, there exists a nonnegative constant 
u such that the operator H e +u 2 I, where / is the identity operator, is nonnegative and may 
allow an oscillator representation of form (JT|). The operator H c +u 2 I is evidently associated 
with the differential operation H + u 2 . The parameter u is of dimension of inverse length, 
and it is convenient to represent it as u = sk , where s > is a dimensionless parameter 
and k > is a fixed parameter of dimension of inverse length. By a generalized oscillator 
representation for Calogero Hamiltonian H e , we mean a representation of the form 

H c = c + c - (sk ) 2 I, s > 0, (3) 

where c and c + are of the previous meaning; s = yields an oscillator representation. 
Such representations is one more aspect of the general Calogero problem. They can be 
useful for many reasons, including the spectral analysis of the Hamiltonians. In particular, 
representation (|3]) for a Hamiltonian H c makes evident that H t is bounded from below, 
and its spectrum is bounded from below by — (sk ) 2 , which is the lower boundary of 
the spectrum if the kernel of the operator c is nontrivial, kerc ^ {0}; then kerc is the 
groundspace (ground state) of the Hamiltonian and E = —(sk Q ) 2 is its ground-state 
energy. 

3 We recall that by definition, a differential operator / is called associated with a differential operation 
/ if the operator / acts on its domain Df by /: fil){x) = f ip(x),\/ip £ Df . 
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A starting point for constructing oscillator representations (J2J) was the oscillator rep- 
resentation for the respective differential operation H that is a representation of the form 

H = bd, 
b = a* = (b*)*, a = b* = (a*)*, 

where d is a first-order differential operation and a* is its adjoint by Lagrange, see pp. 
Accordingly, a starting point for constructing generalized oscillator representations ([3]) 
for Calogero Hamiltonians with the coupling constant a > —1/4 should be a generalized 
oscillator representation 

H = ba - (sk ) 2 , s > 0, (4) 

for the respective H with certain a and b of the previous meaning. 

Let differential operation H (TjQ) allows generalized oscillator representation (T4]). If we 
introduce the pair of initial differential operators a and b in L 2 (R + ) defined on X>(M + ) and 
associated with the pair of the respective differential operations a and b, then the initial 
symmetric operator H is evidently represented as 

H = ba- (sk ) 2 I. 

Let c and c + be a pair of closed mutually adjoint operators that are closed extentions of 
the respective initial operators a and b, a C c, b C c + . Then the operator 

H ext = c + c-(sk ) 2 i (5) 

is an evident extension of H, H C H ex t- By the von Neumann theorem [4], for a proof, 
see also PQ, the operator N = c + c, where c is closed, c = c, is s.a. and nonnegative, 
N = N + > 0; in addition, if kerc ^ {0}, then c is an eigenspace with the minimum 
eigenvalue which is the lower boundary of the spectrum of N. Therefore, operator H ex t 
05]) is s.a. , which means that H ext is a certain Calogero Hamiltonian H t represented in 
the generalized oscillator form ()3]) providing its above-mentioned properties. 

We note that generalized oscillator representation ([3]) for a Calogero Hamiltonian is 
equivalent to the representation 

H t = dd + - (sk ) 2 I, 

where d andc? + is a pair of closed mutually adjoint operators that are extensions of the 
respective initial operators b and a: it is sufficient to make the identifications c = d + , c + = 
d. Constructing a pair c D a, c + D b or a pair d D b, d + D a is a matter of convenience: 
we can start with extending a to its closure or with extending b to its closure. 

Varying the parameter s in (jlj) and involving all possible mutually- adjoint extensions 
of the initial a and b with given s, we can hope to construct generalized oscillator rep- 
resentations ()3]) for all Calogero Hamiltonians with a > —1/4. We show below that 
these expectations are realized. An identification of Hamiltonians H c ([3]) with the known 
Calogero Hamiltonians in [5] is straightworward for a > 3/4 because the Hamiltonian 
with given a > 3/4 is unique, while for —1/4 < a < 3/4, an identification goes through 
evaluating the asymptotic behavior of functions belonging to the domain of H t (J3J) at the 
origin and comparing it with the asymptotic s.a. boundary conditions specifying different 
Calogero Hamiltonians with given a G [—1/4,3/4) [5]. 
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We say in advance that generalized oscillator representation ([3]) for a given Calogero 
Hamiltonian is generally highly nonunique; in fact, there exists a one-, or even two-, 
parameter family of generalized oscillator representations for each Hamiltonian, among 
which there exists an optimum representation. 

As to generalized oscillator representations for Calogero Hamiltonians with the cou- 
pling constants a < —1/4, there are no such representations and can not be because these 
Hamiltonians are not bounded from below [5]. 



2 General 

We begin with looking into the possibility of generalized oscillator representation (j4j) for 
Calogero differential operation H (CQ), i.e., representing if as a product of two finite-order 
differential operations mutually adjoint by Lagrange minus a nonnegative constant: 



H = b(s)a(s) - (sk ) 2 , s > 0, 
b = d* = (b*)*, a = b* = (a*)*, (6) 

the fixed parameter k Q is of dimension of inverse length. In fact, we deal with a family 
{a(s), b(s)} of mutually adjoint by Lagrange differential operations. We often omit the 
argument s in the symbols a and b for brevity and write it when needed. The represen- 
tation 06]) with s = is an oscillator representation for H, it was considered in [2]. It 
is desirable that d(s) and b(s) be continuous in s, in particular, it is desirable to get the 
known oscillator representations for H from generalized oscillator representations (J6j) for 
H in the limit s — > 0. 

It is easy to see that a and b have to be first-order differential operations, 

a = e l8{x) [d x - h(x)], b = -\d x +J^x)]e~ ie{x) . (7) 

The substitution of ([7]) into ()6]) results in the following necessary and sufficient conditions 
on the function h(x) for representation (j6]) to hold: 

lmh(x) = 0, h (x) + h 2 (x) = ax~ 2 + s 2 k 2 , 

which is the Ricatti equation. We additionally require that the functions 8(x) and h(x) 
be nonsingular in (0, oo). The arbitrary phase factors e ±l9 ^ in ([7]) are irrelevant because 
they trivially cancel in the product bd; their fixing is a matter of convenience. We set 
6(x) = 0, so that in what follows, d and b in representation (j6]) are given by 

d = d x — h(x), b = —d x — h(x), (8) 
lmh(x) = 0, h'(x) + h 2 (x) = ax' 2 + s 2 k 2 . (9) 

We recall that in fact, we have a family {d(s) = d x — h(s;x), b(s) = —d x — h(s;x)} of 
mutually adjoint first-order differential operations and the corresponding family {h(s; x)} 
of functions h. 

The representation (JHD, (JED, (JHD with given s, if it exists, is generally nonunique: if 
nonlinear equation (Q with given s has a family of different admissible solutions h, there 
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is a family of the respective different pairs a, b (JS} providing the desired representation, so 
that apart from s, the symbols a and b can contain a certain additional argument, let it 
be /i, parametrizing the family of admissible /i's with given s, and we actually have a two- 
parameter family {h(fi, s; x)} and the respective family {a(/i, s), b(fi, s)}. Where possible, 
this parametrization must be such that to provide a smooth transition to the limit s — > 
which reproduces the known oscillator representations for H. We write the arguments s 
and n when needed and omit them for brevity if this does not lead to misunderstanding. 

It is easy to prove that differential operation H (CQ) allows generalized oscillator rep- 
resentation ([6]), (IE]), (EJ), iff the homogeneous differential equation 



- <f>"(x) + — 0(x) + {sk ) 2 cf>(x) = (10) 



or the eigenvalue problem 



H(j> = -4>"{x) + ^<P(x) = -(sko) 2 ^), 
x z 



(which can be considered a stationary Schroedinger equation with "energy" — (sk ) 2 ) has 
a real- valued positive solution (with no zeroes in (0, oo)), 

lm(f)(x) = 0, (f)(x) > 0, x > 0, 

and in this case, 

h(x) = (f)' (x) / (f>(x) = — 4>{x 
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<f>{x) 



so that a and b allow the representations 



a = <f>(x)d x -^, b = --—d x (f)(x). (11) 

It is evident that the function <ft is defined up to a positive constant factor. 

We also note that by <f)(x) is actually meant a family {0(s; x)}, we write the argument 
s when needed. 

Necessity. Let H allow representation (IS]), (151), (191) with a function h(x) absolutely 
continuous in (0,oo). We introduce the real- valued positive function <f>(x) defined up to 
a positive constant factor by 

/X 
Mm. 

so that the function h(x) can be represented as 

1 



h(x) = 4>' (x) / 4>(x) = —4>{x) 



<p(x) 



It is easy to verify that equation (jUJ) for h(x) implies eq. (|T0|) for 4>(x). 

Sufficiency Let (f>(x) be a real-valued positive solution of eq. (fID~|) . It is easy to verify 
that the function h(x) = </>' (x) / '<f>(x) is absolutely continuous in (0, oo) and satisfies eq. 
OH]) thus providing representation (J6j), (JHJ), (jUJ) for H. 
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We thus obtain that an existence and a possible nonuniqueness of representation ([6]) 
is formulated in terms of eq. fflQj) as follows. If eq. f flUj) has no real-valued positive 
solution, there exists no representation (J5]). If eq. (fT0"j) has a unique, up to a positive 
constant factor, real- valued positive solution 0, there exists unique representation (jBJ), 
(TTTj) . If eq. (fTUj) has two linearly independent real- valued positive solutions <f>\ and 02, 
there exists a one-parameter family {a, 6} of different admissible pairs a, b providing the 
desired representation. This family is in one-to-one correspondence given by ( TTTj) with a 
family {Aifii + Bfa, A, B : A<pi(x) + Bfafa) > 0, x > 0} of pairwise linearly independent 
real- valued positive solutions of eq.liTOl defined modulo a positive constant factor: the 
constant coefficients A and B that differ by a positive constant factor yield the same pair 
a, b. The range of admissible coefficients A and B has to be established. When possible, 
a single parameter, let it be /x, parametrizing these coefficients, A = A(ji) and B = B(fj,), 
must be introduced in such a way as to provide a proper oscillator representations for H 
in the limit s — > 0. 

The general solution of eq. ( flOj) with s > is given by 



0(s; x) = Av^/x(sfc x) + By/xKx(skox), 

f V^Tl74 >0, a> -1/4 

yjoj - 1/4 > 0, a < -1/4 ' 1 ; 

or by 

0(s; x) = A-v/^^jf(sfcoa;) + Byfxl-^skox), (13) 

if x £ Z + . 

Here, J± x are the modified first-order Bessel functions and K K is the McDonald func- 
tion (another name for these functions is the Bessel functions of imaginary argument ), 
A and B are arbitrary complex constants. Whether the right-hand sides in ( TT21) or in 
( ITBl can be real-valued and positive under an appropriate choice of coefficients A and 
B crucially depends on a value of the coupling constant a. Two regions of the coupling 
constant differ drastically, a < —1/4 and a > —1/4, which we consider separately. In the 
second region, the point a = —1/4 is naturally distinguished. 

We first consider the region a < —1/4 where a situation with generalized oscillator 
representations is most simple. 



3 Region a < — 1/4 (x = ia) 

In this region of the coupling constant, we use form (fTB"]) with x = ia of the general 
solution of eq. ([TO]) with s > 0, 

4>(s; x) = A^I i(T (sk Q x) + B^I_ ia (sk x), a = \/\a\ — 1/4 > 0. (14) 

Because the functions I± ia of real argument are linearly independent and complex conju- 
gate, I-i a {sk,Qx) = Ii a (sk x), the condition Im</>(s/co; x) = requires that B — A, and we 
obtain that the general real- valued solution of eq. ( 1T0l) . s > 0, is given by 

<f)(s;x) = 2Re[Ay/xIi a (skox)}. 
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The asymptotic behavior of such a function as x — > is of the form 



(s; x) = 2 Re {pe ilp ^x{sk x) icj [l + 0{x 2 )] } = 

(1/2 V 

(x 2 )] [cos ( cr In (sk x) + p + 0(x 2 )] , pe tLp = A 



which demonstrates that any real- valued solution of eq. ( flUj) with a < —1/4 and s > 
has an infinite number of zeros in any neighbohood of the origin. This means that the 
Calogero differential operation H (JTJ) with a < —1/4 does not allow generalized oscillator 
representation ([6]) with s > 0. 

We recall that the same holds for an oscillator representation for H, which corresponds 
to the case s = 0, see [2J. We note that to have the general solution of eq. Hip = from 
the general solution ([14]) of eq. ( ITU]) with s ^ as a proper limit s — > 0, it is sufficient to 
make the substitutions A — > As~ la , B — > Bs % 



,l<7 



4 Region a > — 1/4 {h > 0) 

4.1 Generalized oscillator representations for H, differential op- 
erations a and b 

In this region of the coupling constant, we use form ( Tl2]) of the general solution of eq. 
( ITU]) with s > 0. To include the point s = in the range of admissible s, s > 0, smoothly, 
it is appropriate to make the substitutions 

AT(1 + *)(£)- yfc, B -> 

Under these substitutions, the general solution of eq. = is properly obtained from 
the general solution ([12]) of eq. (TTOj) with s ^ in the limit s — > 0, which allows to 
get the known oscillator representations for H (JTJ), see [2], from generalized oscillator 
representations ([6]), (fTTT) with s > in the limit s — > 0. 

The general solution of eq. (TTUT) with a > —1/4 and s > 0, is then given by 

(f>(s;x) = AT(1 + x) ^0 \Z%xI K (sk Q x) + (|) VhxK x (sk x), 

x = v/« + 1/4 > 0. (15) 

Because v^o^^ls/co^) and y/k^xK^skox) are real- valued and linearly independent solu- 
tions, a condition Im0(s; x) = requires that Imi = Imi? = 0. The function I^sk^x) is 
positive in (0, oo) and monotonically increases from zero at x = to infinity as x — > oo (see 
(3] 8.445, 8.451.5), while the function K K (sk x) is positive in (0, oo) and monotonically 
decreases from infinity at x = to zero as x — > oo (see [3], 8.432.1, 8.486.16, 8.486.11, 
8.451.6, 8.485, 8.446). 

It follows that 0(s; x) ( IToT) is real valued and positive in (0, oo) iff A > 0, B > 0, 
A + 5 > 0. As noted above, a common constant positive factor in 0(s; x) is irrelevant 
because it does not enter generalized oscillator representation <Q, ( ITT]) for H. 
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To make this evident, we can set A = sin/i, B = cos/i, /i G [0, 7r/2], in f lT5|) without 
loss of generality. 

Thus, for each a > —1/4, (x > 0), we have a one-parameter family {0(/i, s;x)} of 
pairwise linearly independent real-valued positive solutions s; x) of eq. f lTUj) with 
given s > and the corresponding two-parameter family {a(/x, s), b(fi,s)} of different 
pairs of mutually adjoint first-order differential operations a(/i, s) and s) given by 
(TTTj) with = s; x), 



a(/i, s) = &*(/i, s) = d x — h(fi, s; x) = 0(/i, s; x)d 2 



s) = a*(/i, s) = —d x — h(fi, s; x) 



s; x 



0(/i,s;x)' 
■d x (j)(fi, s; x) 



h(fx, s; x) - 

<p{{J,,s;x) 

(f)(n, s; x) = sin/i T(l + x) \Zk^xI x (sk x) + cos /i^-r (0 y/foxK x (sk 



7T, 



^ G [0,-], s G [0,oo), x> 0, 



(16) 



providing a two-parameter family of different generalized oscillator representations ([6]) for 
H §B) with given a > -1/4, 



= 6(/i, s)a(/i, s) — (sA; ) 2 . 



(17) 



As a rule, we indicate the ranges of parameters /i and s in formulas to follow only if 
they differ from the whole ranges, these are [0, 7r/2] for fi and [0, oo) for s, the range of x 
is clear from the title of section, subsection or subsubsection. 

As to the main resulting formulas, we indicate the ranges of all the parameters 
including x. 

For the asymptotic behavior of the functions (f)(fi, s; x) and the functions l/<ft(fi, s; x) 
at the origin, which we need below, we have 



<f>{li,s;x) 

A(n, s) 
and 



cos/x (hx) 1 / 2 -" [1 + 0(x 2 )] , /i G [0, 7r/2) 
(k xy/ 2+ » [1 + 0(x 2 )] = 0(x l ' 2+ "), /i = tt/2, 
cos/i (kox)- 1 ' 2 + 0(x 3 / 2 In ±), /i G [0, tt/2) 
(A; x) 3 / 2 [1 + 0(x 2 )} = 0(x 3 / 2 ), /i = tt/2, 
i(/i, sXkox) 1 / 2 ** [1 + 0(x 2 )] + cos/i (fcox) 1 / 2 — [1 + 0(x 2 )] , 
H G [0,tt/2], < x < 1, 



x 



X > 1, 

= 1, 



x ->■ 0, 



sin /i 



r(i 



x 



r(i + x) 



2>r 



COS /i . 
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1 



<f>(fl,8]x) 



^(M*~ 1/2 [l + 0(x 2 )], /xG[0,7r/2) 
(^-^-^[l + O^ 2 )], M = tt/2 
^(M 1/2 + 0(x 5 / 2 lni), ^e[0,7r/2) 
(fc x)" 3/2 [l + O(x 2 )], // = 7r/2, 

[l + 0(x 2 )], //G [0,tt/2), 



x > 1 

, X = 1 



x -> 0. 



(fcog)* 



-1/2 



cos /i +A(/i,s)(fcox) 2> ' 

(fc x)" 1/2 " x [l + O(x 2 )], (i = n/2, 



< x < 1 



For the respective functions h(fi, s; x) = </>'(//, s; x)/<j)(jj,, s; x), we have 



(19) 



s; x) 
s; x) 



1 sin/xr(l + x) (f) x r K (sk x) + ^[1^ K'„(skox) 

h SK — — 

2x sin/xr(l + x) (|) x I K (sk x) + cos ^ (|) if x (sA^ar) 



S fc + O(x- 1 ), /i6[0,7T/2) , 



-s&o + 0(x~ 



(20) 



the prime / in the r.h.s. of ( 1201) denotes a derivative with respect to the argument. 



4.2 Initial operators a and b 

We introduce the pairs of initial differential operators a(/x, s) and 6(/i, s) in L 2 (R + ) defined 
on the subspace of smooth functions compactly supported in (0, oo), D a ^ s ) = 

Db(n, s ) — ^(^+)) an d associated with each pair of the respective differential operations 
a(/i, s) and b(fi, s) ffT6|) . Similarly to the differential operations a and b, we often omit the 
arguments /i and s of operators a and 6 for breavity if this does lead to misunderstanding, 
the arguments are written when needed. 
These operators have the property 

(V,aO= Vf^D(R + ), (21) 

which is easily verified by integration by parts. 

It is evident from (fTTT) that the initial symmetric operator H with a > —1/4 associated 
with H and defined on X>(R + ) can be represented as 

H = b(fj,, s) a(fj,, s) — (sk ) 2 i. (22) 

These representations provide a basis for constructing generalized oscillator represen- 
tations for all s.a. Calogero Hamiltonians H t with a > —1/4 in accordance with the 
program formulated in Introduction. Namely, we should construct all possible exten- 
sions of any pair a(/x, s), b(fi, s) of initial operators with given \i and s to a pair of closed 
mutually adjoint operators c(/x, s), c + (/i, s), a(/x, s) C c(/x, s), s) C c + (/i, s), or equiv- 
alently, to a pair of closed mutually adjoint operators <i(/x, s), d + (fi, s), a(fi, s) C d + (fi, s), 
b(fi, s) C d(/i, s)(/jl, s). These extensions produce the respective operators 

H tc (n, s ) = c + (/i, s) c(/i, s) - {sk ) 2 I, (23) 
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and 

H td (», s ) = d(fj, t s) s) - (sk ) 2 I, (24) 

which are certain Calogero Hamiltonians represented in a generalized oscillator form. 
The both H ec ^ tS ) and H c d(^,s) are bounded from below, in particular, their spectra are 
bounded from below by — (sk ) 2 . If kerc(/x, s) ^ {0}, then kerc(/i, s) is the ground 
eigenspace (eigenstate ) of H ec (p,s), while E = — (sk ) 2 is its ground-state energy; sim- 
ilarly, if kerci + (/i, s) ^ {0}, then kerd + (fj J , s) is the ground eigenspace (eigenstate ) of 
H t d(ji,s)i while E = — (sk ) 2 is its ground-state energy. It then remains to identify H ec ^ s \ 
and H t d(fi,s) with the known Calogero Hamiltonians and to hope that varying fi and s, we 
can represent all Calogero Hamiltonians in the generalized oscillator form. 

We continue with extending an arbitrary pair of initial operators a(/x, s), b{p, s) to a 
pair of closed mutually adjoint operators. 

4.3 Adjoint operators a + and b + , closed operators a and b 

In this subsection, the arguments \x and s of all operators involved are omitted for brevity, 
they are implicitly implied. 

Because the operators a and b are densely defined, they have the adjoints, the respec- 
tive a + and b + . The defining equation for d + , i.e., the equation for pairs ip G D a + and 
i] = a + tp forming the graph of the operator a + , see [5], reads 

(V,aO = (^0: v(gd(k + ). 

The equality (121]) then implies that b C a + . It follows that a + is densely defined and 
in turn has the adjoint (a + ) + , while the operator a has a closure a = (a + ) + C 6 + and 
(d) = a + . Similarly, we obtain that a C b + , and therefore, the operator b has a closure 

6 = (b + ) + C a + and = 6 + . We thus have the chains of inclusions 

a c a = (a + ) + C b + , b C 6 = (6 + ) + C a + . (25) 

4.4 Domains of operators d + , 6 + , a and 6 

As a rule, in this subsection, the arguments /i and s of all operators involved, as well as 
of differential expressions a and b and of functions and h, are omitted for brevity, they 
are written when needed. 

We now describe the operators d + , b + , a, and 6. In evaluating these operators, we 
follow pfl [7J |5] where one of the basics is the notion of the natural domain^ C L 2 (R + ) 

for a given differential operation / that is the subspace of square-integrable functions 
ip(x) such that the function / ip(x) has a sens^l and is also square integrable, = 

4 For s.a. differential operations / = /*, the natural domain is conventionally denoted by D*^ for 
special reason, see [7| [TJ |S] ■ 

5 For example, if / is a differential operation of order n with smooth coefficients, ip is absolutely 
continuous together with its n — 1 derivatives. 
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{if)(x) : if), f if> G L 2 (R + )}. The natural domain is the domain of the maximum operator 
associated with a given differential operation. 

We outline the results of the evaluation. The operators a + and b are associated with 
the differential operation b = a*, while the operators b + and a are associated with the 
differential operation a = b*. We therefore dwell on the domains of the operators involved, 
which either coincide with or belong to the natural domains for the respective differential 
operations . 

i) The domain of the operator a + is the natural domain foi0 b: 
D a + = D% = {if)(x) : if) is a.c. in R + ; 

1>, H = -^y^ (<P(x)Hx)) = -i//-hi/> = r)e L 2 (R + )}. (26) 

Because the functions h are bounded at infinity, see (1201) . it is immediately established in 
a standard way that the functions if) belonging to vanish at infinity, 

ip(x) —> 0, x —> oo, G D\. (27) 

A generic function if) belonging to D? can be considered as the general solution of the 
inhomogeneous differential equation 

bif)(x) = r](x) (28) 

under the additional conditions that the both if)(x) and T)(x) are square integrable on 
R+. Therefore, with taking (TIB"]) and ( fl9l) into account, if) belonging to D?,, allows the 
representation 



if>(x) 



<f>(jl,8]x) 



C- 



rj{x) = bif)(x) G L 2 (R + ), 



Xq = for < x < land for fi = n/2, x > 1; x > for /j G [0, 7r/2), x > 1, 

C is arbitrary const for \i G [0, 7r/2); C = for fi = tc/2. (29) 



Estimating the integral term in (1291) with the Cauchy-Bunyakovskii inequality, we 
obtain that the asymptotic behavior of functions if) G at the origin is given by 



if)(x) 



0{x 1 / 2 ), x > 1 

0(xWy/h^), /,£ [0,tt/2) x=1 
Oix 1 / 2 ), = tt/2 

-£-(k xy-V 2 [l + 0(x 2 *)] + ii G [0, tt/2) 

0(x^ 2 ), n = ir/2 



x ->■ 0. 



< x < 1 



(30) 

We note that for < x < 1, the natural domain D?,. for &(//, s) with /x G [0,7r/2) 



can be represented direct sum of the form 

{CM^ 8)} + L% M , n G [0, tt/2), < x < 1, 



D- 

b(ft,s) 



3 The symbol "a.c." is a contraction of "absolutely continuous" 
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where the function (a*, s; x) belonging to D? ( . is given by 

ipo(/j,, s; x) = — — -( (x) , so that &(//, s)V>o(A*> s; z) = -77— rC (z) 



for x > > 0, and D?, , is the subspace of functions belonging to D^, ^ and vanishing 



C (z) is a fixed smooth function equal to 1 in a neighborhood of the origin and equal to 
for x > Xoo > 
at the origin: 

%, S ) = {^) e D l M ■ V>0»0 = °( xl/2 )i x ^ °} > A* e [0, tt/2), < x < 1. (31) 

The final result is given by 

J D^ s) , 11 G [0,vr/2), x> 1, and li = tt/2 , x > 0, 
" { D? M = {CM^, s)} + D? M , p G [0, tt/2), < x < 1, • (32) 

with D£, . given by (1261) and with estimates (12 7p at infinity and ( 1301) at the origin. 

ii) The operator 6 + is described quite similarly. Its domain is the natural domain for 

a = b*: 

D b+ = Dl = { X {x) : X is a.c. in R + ; X , a X = <pd x Q X J = x'-^X = V e ^ 2 (^+)}- (33) 

By the same reasoning as for the case of functions ?/> belonging to the functions \ 
belonging to vanish at infinity, 

X (x) —> 0, x —> 00, Vx G L>£. (34) 

Using arguments similar to those for a generic function ^ belonging to D?, with the 

natural interchange <-> 1 /</>, , we establish that a generic function % belonging to D?^ ^ 
allows the representation 



X{x) = <f>(ii,s;x) 



D+ I <lu t ' •;/(//) 



= a X (x) G L 2 (M + ), 



Xq = for /i G [0, 7r/2); Xo > for /x = 7r/2, 

D is an arbitrary constant for /i = 7r/2, x > land for < x < 1; D = Ofor /i G [0, tt/2), x > 1. 

(35) 

The asymptotic behavior of functions x £ ^a(/u s) a ^ ^ ne or igi n is given by 

r o^ 1 / 2 ), x> 1 

X(x)={ / J Dcos/i(A;ox) 1 / 2 - + 0(x 1 / 2 ), //€=[(), tt/2), , x -> 0. (36) 

1 1 0(x^)^ = vr/2 , ,0<x<l 

We note that for < x < 1, the natural domain D^,* for a(/x, s) with li G [0, vr/2) can 
be represented direct sum of the form 

D? M = {D X o(», s)} + D? M , li G [0, vr/2), < x < 1, (37) 
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where the function XoG", s; x) belonging to D 1 },^ is given by 

Xo(ji, s; x) = <f>(ji, s; x)( (x) , so that a(ji, s)xoG", s; x) = (p(ji, s; x)£ (x) , 

( (x) is a fixed smooth function equal to 1 in a neighborhood of the origin and equal to 
for x > Xoo > 0, and is the subspace of functions belonging to D? and vanishing at 
the origin: 

D2 M = {x(x) G D» M : X (x) = O^ 2 ), x^0},/iG[0, tt/2), < x < 1. (38) 
The final result is given by 

n = / D £(M' >V e [°> 71 '/ 2 ) x > 1, and /i = tt/2, x > 0, 
6+(M ' S) 1 = Pxbfo *)} + D2 M , n G [0, tt/2), < x < 1, " ^ 

with D?, s given by (|33|) and with estimates (}3"4"1) at infinity and (1361) at the origin. 

iii) The operator a is evaluated in accordance with (1251) . a = (a + ) + C 6 + : as a restric- 
tion of b + , this operator is associated with a and its domain belongs to or coincides with 
D?, while the defining equation for a as (a + ) + , 

( X ,a + ^) - (!x,<0) = o, x e D s , V</> g 

is reduced to the equation for D^, i.e., for the functions x £ D g C D?, of the form 

(x, WO - (ox, VO = o, x e D a c D™, g (40) 



Integrating by parts in (ax, VO an d taking asymptotic estimates ( |27|) . ( 1341) and ( 1301) . ( |36i) 
into account, we establish that for /x G [0,7r/2), x > land for \i = tt/2, x > 0, eq. (j4"0l 
holds identically for all x G ^&(u s ) > while for /i G [0, vr/2), < x < 1, eq. (jlDl is reduced 
to 



DC = 0, vc, 

which requires that D = 0. 
We finally obtain that 

a(/i, s) = 6 + (/i, s), /i G [0, tt/2), x > 1 and fi = tc/2, x > 0, 

in particular, D a(/M ) = ^aj^,), ( 41 ) 

and 

I(fi, s) C &+(//, s), D sM = £>2 M (J38]),// G [0, tt/2), < x < 1. (42) 
iv) Quite similarly, we find 

&(//, s) = a + (/i, s), /i G [0, 7r/2), x > 1 and fi = n/2, x > 0, 

in particular, D^ s) = £>^ s) , (43) 

and 

S(a*, s) C a + (/i, s), D 5(MiS) = D? M (EH, /* G [0, tt/2), < x < 1. (44) 
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We note that equality ( 143)) and inclusion (|4~4"|) directly follow from the respective pre- 
vious equality ( l4Tj) and inclusion (j4~2]) by taking the adjoints, and only the domain s ^ 
in the last case has to be evaluated. 

We thus show that each pair a(/z, s), s) of mutually adjoint by Lagrange dif- 
ferential operations (|T6l) providing generalized oscillator representation (|T7|) for (JT]) 

with a > —1/4 (x > 0) generates a unique pair a(/i, s) = s), a + (/i,s) = s) 

of closed mutually adjoint operators for G [0,7r/2), s G [0, oo), x > 1 and for // = 
tc/2, s G [0,oo), x > 0, while for \i G [0,7r/2),s G [0, oo), < x < 1, each pair a(//,s), 

&(//, s) generates two different pairs a(/x, s), a + (/z, s) and 6 + (yU, s), s) of closed mutu- 
ally adjoint operators such that a(/i, s) C b + (fi,s) and b(fi,s) C a + (/i, s). The operators 
a(yU, s) and b + (fi,s) are extensions of the initial operator a, they are associated with a 
, and their domains are given by the respective (jHJ) , H2J) and ( 1391) , ( l33i) . The operators 

s) and a + (fi, s) are extensions of the initial operator s), they are associated with 
b, and their domains are given by the respective fj4"3l) . HI]) and (132|) . (1261) . 

It is easy to prove that there are no other pairs of closed mutually adjoint operators 
that are extensions of each pair d(/i, s), s). Indeed, let g, g + be such a pair, then 

because a(/i, s) and s) are minimum closed extensions of the respective a(/i, s) and 
s), we have 

a(/i, s) C a(/i, s) C g = g = ( g+)+, b(fM, s) C 6 (/i, s) C 
It follows by taking the adjoints of these inclusions that 

g + C a + (/i, s), ^ C b + (/j,, s), 

so that we finally have 
in particular, 

Da{n,s) Q D g C D h +^ s y 

It then directly follows from (|4T!) that ^ = a(/i, s) = s) and therefore ^ + = s) = 
a + (/i, s) for /i G [0,7r/2), s G [0, oo), x > 1 and for/i = ir/2, s G [0, oo), x > 0, while 
for fi G [0,7r/2),s G [0, oo),0 < x < 1, it follows from fl42]), ([37]) that the domains 
Db+(n, s ) = s n and -Da(^,s) = s ) differ by a one-dimensional subspace, so that either 

g = a(/i, s), and therefore ^ + = a + (/i, s), or ^ = s), and therefore g + = s). 

5 Point a = -1/4 (x = 0) 

A consideration in this section is completely similar to that in the previous section for the 
case of a > —1/4 (x > 0). A difference with the previous case is that for a = —1/4, the 
inclusion of the point s = in the range of admissible s and getting the known oscillator 
representation for H, see [2], from generalized oscillator representations (]6]) with s > in 
the limit s — > calls for special investigation. 

We therefore distinguish the case of s > and the case of s — 0. 
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5.1 Region s > 

5.1.1 Generalized oscillator representations for H, differential operations a 
and b 

For the coupling constant a = —1/4, we use form (fT2]) with x = of the general solution 
of eq. (flOl) with substitutions A — > Ay/k®, B — > B^fk§, 



(s; x) = A>y koxlo(skox) + B \/ koxKo(skox) . (45) 



Because y/k xIo(skox) and y/koxK (skox) are real-valued linearly independent solu- 
tions, a condition lm<j)(x) = requires that 1mA — ImB — 0. The function io(<s&ox) 
monotonically increases from 1 at x — to infinity as x — > oo, while the function K Q (skox) 
monotonically decreases from infinity at x = to as x — > oo. It follows that <f)(s; x) 
( l4"5j) is real valued and positive in (0, oo) iff A > 0, B > 0, A + B > 0. Once again, a 
common constant positive factor in coefficients A and B is irrelevant from the standpoint 
of generalized oscillator representation ([6]), (jTTj) for if, so that we can set A = sin/i, 
B = cos /i, G [0, 7r/2] without loss of generality. 

As a result, we have a two-parameter family {a(fi, s),b(/j,, s)} of different pairs of 
mutually adjoint first-order differential operations, 

a(/i, s) = b*([i, s) = d x — h(fx, s; x) = 0(/i, s; x)d x 



0(/i,s;x) 

1 

b((i, s) = a* (fx, s) = -d x - h(fj,, s; x) = -—. zd x (j)(fi, s; x) 

(j>(fi,s;x) 

</J(ji,s;x) 

n{fi, s; x) — 



(j)(fi,s;x) ' 

<fi(fi, s; x) = sin fi\/ k xIo(skox) + cos fi\/k xK (skox), 

HE[0,~],s>0, (46) 

providing a two-parameter family of different generalized oscillator representations ([6]) for 
H (HD with a = -1/4, 

if = &(//, s)a(fi, s) - (sk ) 2 . (47) 

As before, we indicate the ranges of parameters fi and s in formulas to follow only if 
they differ from the whole ranges, these are [0, 7r/2] for ft and (0, oo) for s. In the main 
resulting formulas, we indicate the ranges of the both parameters. 

For the asymptotic behavior of the functions 4>(fi, s; x) and the functions l/4>(fi, s; x) 
at the origin, which we need below, we have 

, v _ J A(fi,s)y/i^x -cosfi^x\n(K x) + 0(x 5/2 lnx)), fi G [0,tt/2) 

' j " I v^+0(x 5 / 2 ), /x = 7r/2 ' X ^ U ' 

i(/i, s) = sin /i + cos fi[ip(l) - ln(s/2)] (48) 
and 

1 f r^w — v i — it — 777^ — r? — ^ + 0(x 3 / 2 /lnx), /iG [0,7r/2) 



<K/w) I 77= + 0(x 3 / 2 ), /i = 7T/2, 
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For the respective functions h(fi, s; x) = <f)'(fi, s; x)/4>(fi, s; x), we have 
h(»,s;x) = -1 + (sk ) sin ^(^) " cos» Kl (sk x) 



2x sin/i I (sk x) + cos/i K (skox) 

5.1.2 Initial operators d and b 

We introduce the initial differential operators d(/i, s) and fe(/i, s) associated with each pair 
of the respective differential operations a(/i, s) and b(fi,s) (146]) and defined on D(IR + ). 
These operators and the initial symmetric operator H with a = —1/4 have the properties 
that are copies of (T2l~|) and (|2"2"]) . with the change s G [0, oo) to s G (0, oo), which provides 
a basis for constructing generalized oscillator representations similar to (123]) . ( 124]) for all 
s.a. Calogero Hamiltonians H t with a = —1/4 by constructing all possible extensions of 
any pair d(/x, s), s) of initial operators to a pair of closed mutually adjoint operators. 

A procedure for extending presented below is completely similar to that in the previous 
section for the case of a > — 1/4 (x > 0). Once again, we often omit the arguments \i 
and s of operators a and b for brevity writing them when needed. 

5.1.3 Adjoint operators a + and b + , closed operators a and b 

Using arguments similar to those in subsec.4.3, we prove that the operators a and b have 

adjoints, the respective d + and b + , and closures, the respective a and b, which form the 
chains of inclusions similar to ( 125]) . 

a c o = (a + ) + C b + , b C b = C a + . (49) 

An evaluation of the operators d + , b + , d, and 6 is completely similar to that in subsec. 

4.4 for the case of a > —1/4. The operators b and a + are associated with the differential 
operation b = a*, while the operators d and b + are associated with the differential 
operation d = b*. 

i) The domain of the operator d + is the natural domain for b, D a + = D?, given by a 
copy of f[2"6"]) . A generic function ip belonging to D? allows the representation 



ip(x) 



rj(x) = bip(x) G 



C- dycj)(fi,s;y)T](y) 
Jo 

C is an arbitrary constant for /i G [0, vr/2), C = for/i = 7r/2. 
The asymptotic behavior of functions ip G at infinity and at the origin is given by 



if)(x) — > 0, x — > oo, 

]_ 0(a; ), /j, = 7r/2 
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The natural domain D?, * for s) with /x G [0, 7r/2) can be represented as a direct 
sum of the form 

^> lS ) = i C M^ s)} + % >s)1 n G [0, tt/2), 
where the function (a* 5 s; a?) belonging to . is given by 

if>a(ji, s; x) = — — ^ -C 0) , so that b(ji, s)ip {fi, s; x) = --j— rC' {x) , 



C (x) is a fixed smooth function equal to 1 in a neighborhood of the origin and equal to 
for x > Xoo > 0, and D?, . is the subspace of functions belonging to . and vanishing 
at the origin: 

Di M = fax) e : = °^ 1/2 )' x °} 'A* G PW 2 )- ( 51 ) 

The final result is given by 

with D?, . given by a copy of ( 1261) and with estimates ( 150|) at infinity and at the origin. 

ii) The domain of the operator b + is the natural domain for a, Db+ = D?, given by a 
copy of ( |33i) . A generic function \ belonging to allows the representation 



X{x) = (f)(fi,s;x) 



■nix) = a X {x) G L 2 (R + ), 



r i 

D+ / dy— -r)(y) 

Xo = for jj, G [0, 7r/2), Xo > for fi = tt/2, D is an arbitrary constant. (53) 
The asymptotic behavior of functions \ G D? at infinity and at the origin is given by 

x(x) — > 0, x — > oo, 

vM _ J - J Dcos / i^ln(A; x) + O(x 1 /2l n V2 ( l )))/iG[0)7r/2) 

" 1 0(x^ ln 1 / 2 ^)), /i = vr/2 ' X ~+ °" (54) 

The natural domain s ) for a(/x, s) with /i G [0, tt/2) can be represented as a direct 
sum of the form 

D2 M = {DxoOh s)} + D n dM , /i G [0, tt/2), 
where the function;^ (/i, s; x) belonging to D?^ , is given by 

Xo(/ i , s; = s; #)C ( x ) j so that d(fj,, s)xo(A t ; s ; a; ) — 0(a*5 s > x )C ( x ) j 

( (x) is a fixed smooth function equal to 1 in a neighborhood of the origin and equal to 
for x > Xoo > 0, and D^, s s is the subspace of functions belonging to D?^ s ^ and vanishing 
at the origin: 



I'M e ^2(ji,s) ■ X(x) = O^ln 1 /^!)), x _> o} , /i G [0,tt/2). (55) 
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The final result is given by 



Dh+I , _ J D lM = { D Xo(^ *)} + D2 M , H € [0, tt/2), 



with s) gi ven by a copy of ( 1331) and with estimates (154j) at infinity and at the origin. 

iii) The operator a is evaluated in accordance with (j4~9l) . a = (a + ) + C o + : as a 
restriction of h + , this operator is associated with a and its domain belongs to or coincides 
with D?, while the defining equation for a as (a + ) + is reduced to the equation for its 
domain D a C of the form 

(X, H) - (a X , ip) = 0, X eD- a C Dl W G (57) 

Integrating by parts in (ax, VO an d taking asymptotic estimates fl50|) and (1541) into account, 
we establish that for = tt/2, eq. (l5"Tj) holds identically for allx G ^&hr/2s) > wn ile for 
/Lt G [0, 7r/2), eq. ( l5"7|) is reduced to 

DC = 0, VC, 

which requires that D = 0. 
We finally obtain that 

a(7r/2, s) = o + (tt/2, s), in particular, D- a{lT /2,s) = D^ /2>s) , (58) 

and 

a(/i, s) C o+(/i, s), Da M = D n aM /i G [0, tt/2). (59) 

iv) Quite similarly, we find 

b(w/2, s) = a + (vr/2, s), in particular, D l(n/2;S) = £>5 (7r/2)S) , (60) 

and 

60*, a) C a + (^s), D- bM = D^ s) , p G [0,tt/2). (61) 

We note that equality ( 1601) and inclusion ( |6T|) directly follow from the respective pre- 
vious equality ( |58l) and inclusion ( |59l) by taking the adjoints, and only the domain ^ 
in the last case has to be evaluated. 

We thus show that each pair a(/x, s), o(/i, s) of mutually adjoint by Lagrange dif- 
ferential operations (146]) providing generalized oscillator representations (1471) for i7 ([I]) 
with a = —1/4 (x = 0) generates a unique pair cl(tt/2,s) = b + (n/2,s), a + (7r/2,s) = 

b(n/2,s) of closed mutually adjoint operators for \i = n/2, s G (0, oo), while for fi G 
[0, tt/2), s G (0, oo), each pair a(/i, s), b(fi, s) generates two different pairs a(/i, s), a + (/i, s) 

and 6 + (/i, s), o(/i, s) of closed mutually adjoint operators such that a(/z, s) C o + (/i, s) and 

o(/i, s) C a + (fi, s). The operators a(/i, s) and o + (/U, s) are extensions of the initial operator 
a, they are associated with a , and their domains are given by the respective ( 158|) . 1591) 

and (156|) . the operators 6(/x, s) and a + (/i, s) are extensions of the initial operator 6(/i, s), 
they are associated with b, and their domains are given by the respective (160|) . IBT]) and 
(E2}. 

Using arguments similar to those in subsec. 4.4, it is easy to prove that there are 
no other pairs of closed mutually adjoint operators that are extensions of each pair 
a(/x, s), b(n, s). 
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5.2 Point s = 



In this case, the general real-valued solution of eq. fflU]) is given by 

<f>(x) = A^k~x + S^ln(M = { ^^^L o ^ ° > ( 62 ) 
a = e A/s , Imi = ImB = 0. 

It is evident that the real-valued <j){x) ( 1621) is positive in (0, oo) iff A > 0, B = 0. 
Because a constant positive factor is irrelevant from the standpoint of generalized oscillator 
representation dSJ), (ITT]) for H, we can set A = 1 without loss of generality. 

As a result, we have a unique pair a, b of mutually adjoint first-order differential 
operations, 

1 1 

a = b* = d x = <f)(x)d x 



2x <j)(x) ' 

b = a* = —d x = — —^-d x (b(x), 

2x <j>{x) y ' 

h(p, s; x) = ^| = (f)(x) = y/k^x, (63) 

providing unique oscillator representation fl6]) with s = for H with a = —1/4, 

H = ba. (64) 

We then introduce the initial operators a and b associated with the respective a and b 

and construct the pairs of operators a, d + and b, b + as all possible extensions of the pair 
a, b to a pair of mutually adjoint closed operators. A procedure follows the standard way 
adopted in the previous subsection. The result can be formulated as follows. 

It is easy to see that formulas (1631) and can be obtained from formulas fT46l) and 
(|47p by setting \x = 7r/2 and taking the limit s — > 0. Moreover, we can verify that all 

the results concerning the properties of operators a + , b + , a, b, including their domains 

and the equalities a = b + , b = d + , can be obtained from the corresponding results for 

the operators a + (/i, s), 6 + (/i, s), a(//,s), b(fi,s) in the preceding subsection by setting 
fx = 7r/2 and taking the limit s — >■ 0, so that we can set d + = ci + (tt/2, 0), b + = b + (7i/2, 0), 

a = a(7r/2,0), S = S(7r/2,0). 

The final conclusion of this section on the case of the coupling constant a = —1/4 
is that the results of the previous subsection for the operators d + (fi, s), b + (fi, s), a(/i, s), 

b(fj,,s), where \i G [0, 7r/2], s G (0, oo), actually hold for fi G [0, 7r/2), s G (0, oo) and for 
fj, — 7r/2 , s G [0, oo). 

6 Oscillator representations 

Now we are in a position to answer the question on generalized oscillator representations 

H c = c + c - (sk ) 2 i, s > 0, (65) 
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or equivalently 

H t = dd+ - (sk ) 2 I, s > 0, (66) 

where c and d are densely defined closed first-order differential operators and c + and 
d + are their respective adjoints, for all Calogero Hamiltonians H c with any coupling 
constant a G (—00, 00). We recall that any H c is a s.a. operator associated with Calogero 
differential operation H ([I]) with the same a. An answer to the question is essentially 
different for the region a < — 1/4 and for the region a > —1/4. 

We can say immediately that any Calogero Hamiltonian H t with a < —1/4 does not 
allow generalized oscillator representations ( 155|) or ( !B"5]) because such a representation 
would imply that H t is bounded from below, whereas any Calogero Hamiltonian with 
a < — 1/4 is not bounded from below [5]. This conclusion is in complete agreement with 
that according to sec. 3, there is no generalized oscillator representation ([6]), ffTTl) for 
Calogero differential operation H with a < —1/4. 

As to the second region of the couling constant a > — 1 /4, we show in what follows that 
any Calogero Hamiltonian with a > 1/4 does allow generalized oscillator representations 
fl65|) or fl66l) . in fact, a family of such representations, one- or two-parameter. In accordance 
with the program formulated in Introduction and according to the above results, we have 
two families of Calogero Hamiltonians in a generalized oscillator form, 

H ea (fi,s) = « + 0, s)a(/i, s) - (sk ) 2 I, jj G [0, vr/2], s E [0, 00), (67) 

and _ 

H tbM = b (p, s)b + (fi, s) - (sk ) 2 I, [i e [0, tt/2], s e [0, 00), (68) 

for any a > — 1/4. It turns out that these families cover all the set of the known Calogero 
Hamiltonians with given a > —1/4. Namely, each Calogero Hamiltonian with given 
a > —1/4 can be identified with one or more members of family fIBTj) or family (1681) . 
This identification is trivial in the case of a > 3/4 where there is a unique Calogero 
Hamiltonian with given a. In the case of a such that —1/4 < a < 3/4, the procedure 
of identification is more complicated. We recall that for each a G [—1/4,3/4), there 
exists a one-parameter family {H u , v G [— 7r/2, 7r/2]} of Calogero Hamiltonians differing 
in their domains Dh v [5] . Namely, the domains Dh v are subspaces of the natural domain 
D 7 ^. for H that are specified by different s.a. asymptotic boundary conditions at the 
origin. .Therefore, the identification of a given H m (n,s) with a certain H v goes through 
evaluating the asymptotic behavior of functions belonging to the domain of H ta {n,s) and 
its identification with the boundary conditions for this H u \ the same holds for H^u^y 
It may happen, and that really occurs, that different H ca (n,s) or ^c6(^,s) have the same 
asymptotic behavior of functions belonging to their domains. 
We first consider the Hamiltonians H za . 

6.1 Hamiltonians H m 
6.1.1 Region a > 3/4 (x > 1) 

For each a in this region, there exists only one s.a. Calogero Hamiltonian Hi defined on 
the natural domain , see. [5]. That is why we can immediately conclude that 

Hi = a + (/i, s)a(>, s) - {sh ) 2 i, V/i G [0, vr/2], Vs G [0, 00), x > 1, (69) 
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which represents a two-parameter family of oscillator representations for a unique Calogero 
Hamiltonian Hi with given coupling constant a > 3/4. 

Taking s = in the r.h.s of (EH]), we obtain the known one-parameter family of oscil- 
lator representations for the nonnegative Hi |2] which are the optimum representations 
from the standpoint of an optimum estimate on its spectrum from below. 

According to [5], the spectrum of Hi is given by specif = [0, oo) and is continuous, 
which agrees with that ker d(/i, s) = {0}, V/i, Vs. 

6.1.2 Region -1/4 < a < 3/4 (0 < x < 1) 

By definition of the operator H m ^ )S ) , its domain belongs to or coincides with the domain of 
the operator a(/i, s), D HmM C D^s) given by (JH]) for [i = n/2 and (|42]) for /a G [0, vr/2). 
According to ( 1361) and ( 1351) . the asymptotic behavior of functions x belonging to -DaO,s) 
is estimated for the case of0<x<lbyx = 0{x 1 ' 2 ) 0. It follows that the 

functions belonging to Du , , tend to zero not weaker than x 1//2 as x — >■ 0. 

According to [5], there exists only one s.a. Calogero Hamiltonian with such asymptotic 
behavior of functions belonging to its domain at the origin, namely, H 2j ± n / 2 . We thus 
establish that 

H 2 ,±Tr/2 = a + (/i, sja(ji, s) - (sk ) 2 I, V/i G [0, vr/2], Vs G [0, oo), < x < 1, (70) 

which represents a two-parameter family of oscillator representations for a unique Calogero 
Hamiltonian -£^,±71-/2 with given coupling constant ctG ( — 1/4 < a < 3/4). 

Taking s = in the r.h.s of flTOj) . we obtain the known one-parameter family of oscilla- 
tor representations for the nonnegative H2,±-k/2 [2] which are the optimum representations 
from the standpoint of an optimum estimate on its spectrum from below. 

According to [5J, the spectrum of H 2 ,± n /2 is given by specf/" 2 ,±7r/2 = [0, 00) and is 
continuous, which agrees with that ker a(/i, s) = {0}, V^u, Vs. 

6.1.3 Point a = -1/4 (x = 0) 

A reasoning in this case is completely similar to that in the previous case of— l/4<a< 
3/4. 

By definition of the operator H ca ^ s ), its domain Dh^^s) belongs to or coincides with 
the domain D^s) given by fl58l) for fi = n/2, the point s = included, see subsec. 5.2, 
and (1591) for fi G [0, vr/2). According to fl54l) and fl55l) . the asymptotic behavior of functions 
X belonging to D^s) is estimated by x — 0(x 1 / 2 ln 1//2 -) as x — > 0. It follows that the 
functions belonging to Du , s tend to zero not weaker than x 1//2 ln 1//2 - as x — > 0. 

According to [5], there exists only one s.a. Calogero Hamiltonian with such asymptotic 
behavior of functions belonging to its domain at the origin, namely, Hs t ± n /2- We thus 
establish that 

H W = a + (/i, sH/i, s) - (sfc ) 2 /, I l^^^Q > ° , * = 0, (71) 

which represents a two-parameter family of oscillator representations for a unique Calogero 
Hamiltonian H 3) ± n / 2 with coupling constant a = —1/4. 
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Taking /z = 7r/2,s = in the r.h.s of (I71|) . we obtain the known oscillator repre- 
sentation for the nonnegative [2j which is the optimum representation from the 
standpoint of an optimum estimate on its spectrum from below. 

According to [5], the spectrum of H 3j±7T / 2 is given by speci^-i-,^ = [0, 00) and is 
continuous, which agrees with that ker a(/z, s) = {0}, V,u, Vs. 

6.2 Hamiltonians 

6.2.1 Region a > 3/4 (x > 1) 

For each a in this region, we have the identities s) = a + (/i, s) and b + (fi, s) = d(fi, s), 
see (T4"3"l) and (T4"T1) . so that with taking into account subsubsec. 6.1.1, formula flBDT) . we find 

#1 = b(fi, s)b + (fi, s) - (sk ) 2 I, V/i G [0, tt/2], Vs > 0, x > 1, (72) 

which is another representation of the known two-parameter family of oscillator represen- 
tations (I6"5j) for Hi followed by an appropriate comment. 

6.2.2 Region -1/4 < a < 3/4 (0 < x < 1), /i = tt/2 

A reasoning concerning H tb in this case is completely similar to that in the previous 
subsubsection for the case of a > 3/4. According to (T4"3"j) and fT4Tl) . we have the identi- 
ties 6(7r/2,s) = d + (7r/2,s) and b + (n/2,s) = a(?r/2, s), so that with taking into account 
subsubsec. 6.1.2, formula (170|) . we find 

= s )^ + ^/ 2 ^ s ) - ( sk o) 2 I, Vs > 0, < x < 1, (73) 

which is another representation of the one-parameter family of oscillator representations 
for H 2 ±7r/2 that is a restriction of the known two-parameter-family of oscillator represen- 
tations ( ITU]) to ji = Ti / 2. Of course, the comment following (!70|) holds. 

6.2.3 -1/4 < a < 3/4 (0 < x< 1),0 < // < tt/2 

We have to find the asymptotic behavior of functions belonging to the domain s) of 

the operator H^^, /i G [0, tt/2), s G [0, 00), x G (0, 1), at the origin. 

We begin with representing the asymptotic behavior of functions 0(/i, s; x) ffTB"j) . /1 G 
[0, 7r/2), s G [0, 00), x G (0, 1), at the origin. given in f fl8|) in a new form: 

0(/i, s; x) = c[(k x) 1/2+x sin 0(/x, s) + (k x) 1/2 - K cos s)] + 0(x 5/2 ~ x ), , x -> 0, 

7 / \ r(l — x) f s\ 2>c cos u 

tan t/ieta = tan/i- — — — - - ,c= — -, 

T(l + x) \2J cos 0(fi,s) 

fx G [0, |), s G [0, 00) , x G (0, 1), G (-|, |) . 

By definition of the operator H^^s), its domain Dh consists of functions x G -Df>+(>,s) 
such that 6 + (/i, s)x = r/ E Dbu )S ) C L 2 (IR + ). The first condition implies that x allows 
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representation (135]) with xq = and, in general, D ^ 0, while the second condition 
implies that r/(x) = 0(x 1//2 ), x — » 0, see (jSJ), (13T1) . Estimating the integral term in 
([55]) with such rj, we obtain that the asymptotic behavior of functions x s) , 

/it G [0, 7r/2), s6 [0, oo) , x G (0, 1), at the origin is given by 

x (x) = C[(k x) 1/2+K sin s) + (^x) 1 / 2 "" cos 0(/x, s)\ + 0(x 3/2 ), x 0. (74) 

According to [5], for each a G (—1/4, 3/4) (x G (0, 1)), there is a one-parameter family 
of s.a. Calogero Hamiltonians with such asymptotic behavior of functions belonging to 
their domains, namely , the family {H2.U1 v G (— f,f)}- The parameter v is naturally 
identified with the angle 9([i, s) in (!74|) . and we establish that 

H 2 ,u = i>{n, s)b + (n, s) - (sk ) 2 , v = .6»(/i, s), 

v G (-7T/2, 7r/2), fi G [0, tt/2), s G [0, 00), x G (0, 1), (75) 

which represents a one-parameter family of generalized oscillator representations for H-2,v 
with given a G (-1/4, 3/4), (0 < x < 1), and v G {— k/2, tt/2). 

It is convenient to take /1 as the independent parameter, then s is easily determined 
from the relation tan$(/z, s) = tan v to yield 



s(/i, z/) 



(tan n — tan i/ 



r(i + x) 



-1 l/2x 



r(i-x) 

ue (-tt/2, tt/2), ^G [0, tt/2), xG (0,1), 



(76) 



with due regard to the condition s > 0. For fixed v, the function s(fi, v) (I76|) is monotoni- 
cally increasing from s min (z/) to 00 as /i ranges admissible values from /i m j n (^) to -k/2 — 0, 
where 

A*min(f) = S min (z/) =0, < V < TT/2, 

1/2k 



0, s r 



tan \ v 



r(i+*) 
r(i-x) 



-tt/2 < z/ < 



It is evident that the spectrum of H 2 , u is bounded from below by — (s min (i/)/co) 2 . 

If < v < tt/2, this boundary is zero, and according to [5J, this is an exact lower 
boundary of the spectrum, Specif, ^ = [0, 00), and the spectrum is continuous, which 
agrees with that ker 6 + (/i, s(z/, /i)) = {0}, V/i G [v, tt/2). 

Taking \i = /i m i n (^) = v and s = s(/z min (z/), v) = s min (z/) = 0, we obtain the known 
oscillator representation for the nonnegative H2,u, < v < 7r/2, [2], which is the optimum 
representation. 

If — tt/2 < v < 0, we have ker 6 + (0, s min (z/)) = {c0(O, s min (z/); x)} 7^ {0} because 
0(0, s min (z/); x) = K x {s m i n {u)k x) is square integrable on the whole semiaxis M + , whereas 
ker b + (fi, s(/z, u)) = {0}, < \i < ir/2. This implies that 



-St 



-Akl 



tan v- 



r(i + x) 

'iYl - x) 



1/x 
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is an exact lower boundary of the spectrum of H 2 , u , E 2 (y) is an eigenvalue of H 2fU , the 
energy of its negative ground level, and the normalized eigenfunction of the ground state 
is given by 

* , /2sin(7rx) \E 2 (u) I 1/9^ , ,,1/0 N 
U 2 {v,x) = J i n 21 ; ' x 1/2 i^(|£ 2 (z/)| 1/2 x). 

V 7TX 

According to [5J, the spectrum of H 2v is given by Special/ = {-^(z 7 )} U [0, 00), and 
the semiaxis [0, 00) is a continous part of the spectrum. 

Setting \i = 0, s = s m ; n (z/) in (!75j) . we obtain the optimum generalized oscillator 
representation for H 2 ,v, — n/2 < v < 0, bounded from below, but not nonnegative. 

6.2.4 a = -1/4 (x = 0), ll = tt/2 

A reasoning in this subsubsection is completely similar to those in subsubsec. 6.2.1 and 
subsubsec. 6.2.2. 

According to (|58|) and (|60|) . we have the identities b(ir/2, s) = a + (ir/2, s) and b + (n/2, s) = 
a(7r/2, s), the point s = included, see subsec. 5.2, so that with taking into account sub- 
subsec. 6.1.3, formula ( I7T1) . we find 

H 3>±n/2 = 6(tt/2, s)6 + (tt/2, s) - ( S fc ) 2 /, Vs > 0, x = 0, 

which is another form of the one-parameter family of oscillator representations for H 3 ±jr/2 
that is a restriction of the known two-parameter-family of oscillator representations (ffljl 
to n — ir/2. Of course, the comment following (1TB holds. 

6.2.5 a = -1/4 (x= 0), < /i < vr/2 

A reasoning in this subsubsection is completely similar to that in subsubsec. 6.2.3 for the 
case of < x < 1. 

We begin with representing the asymptotic behavior of functions 4>(fi, s; x) ( 1461) . /1 G 
[0, 7r/2), s G (0,oo), x = 0, at the origin given by (|4"8|) in a new form: 

s; x) = c[v / %2? sin 9(li, s) + \fk~ox\ii(kox) cos 9(li, s)] + 0(x 5//2 lnx), 

cos 

tan 6*(/i, s) = ln(s/2) — tan ji — c = — ; -, 

cos 9{fi,s) 

ll E [0, tt/2), s E (0, 00), x = 0, 0(0, s) G (-|, |) . 

We now determine the asymptotic behavior of functions belonging to the domain 
D H tbM of the operator H cb ^ >s ), ll E [0,7r/2), s E (0, 00), x = 0, at the origin. 

By definition of the operator H e b(n,s), hs domain Dn tb , , consists of functions x £ 
Db+(fj,, s ) such that b + (fi,s)x — V G s c L 2 (M + ). The first condition implies that x 
allows representation ( 153]) with x = and, in general, D ^ 0, while the second condition 
implies that 77(0;) = 0(x 1,/2 ), 2 — >• 0, see ( 16T1) . ( loTT) . Estimating the integral term in 
( )53l) with such 17, we obtain that the asymptotic behavior of functions x ^H, Hfls) , 
11 E [0, 7r/2), s G (0, 00), x G (0, 1), at the origin is given by 

X (x) = C[(k x) 1/2 sin 6 (li,s) + (k x) 1/2 \n(k x) cos0(/x, s)} + 0(x 3/2 ), x -> 0. (77) 
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According to [5], for a = — 1/4 (x = 0), there is a one-parameter family of s.a. 
Calogero Hamiltonians with such asymptotic behavior of functions belonging to their 
domains, namely , the family {H 3 , u , v G (— f , f ) }• The parameter v is naturally identified 
with the angle #(/i, s) in ( 177)) . and we establish that 

#3,1/ = 6(/i, s) - (sk ) 2 , v = .6»(/i, s), 

v G (-tt/2, tt/2), // G [0, ?r/2), s G (0, 00), x = 0, (78) 

which represents a one-parameter family of generalized oscillator representations for H 3v 
with a = -1/4 (x = 0) and 1/ G (-tt/2, tt/2). 

It is convenient to take /1 as the independent parameter, then s is easily determined 
from the relation tan$(/x, s) = tan v to yield 

s = s(ji, v) = 2e twv+tw ^ {1) . (79) 

For fixed u, the function s(/i, 1/) (179)) is monotonically increasing from s m i n (v) to 00 as /i 
ranges from to tt/2 — 0, where 

s mi „(^) = s(0,z/) = 2e tan ^ 1 ). 

It is evident that the spectrum of Hs u is bounded from below by 

-(s m U")h) 2 = -Ak 2 e 2 ^ + ^ = E 3 (u). 

Because ker b + (0, s m i n (u)) = {cKQ{s m i n {v)k,Qx)} ^ {0}, whereas ker 6 + (/i, s(/x, v)) = {0}, 
< ji < 7r/2, this boundary is an exact lower boundary of the spectrum of H3 tU , E$(y) 
is an eigenvalue of Hs tU , the energy of its negative ground level, and the normalized 
eigenfunction of the ground state is given by 

U 3 (u,x) = y/2\E 3 (u)\x^ 2 K (\E 3 (u) \ x ' 2 x). 

According to [5], the spectrum of H 3tU is given by SpecH 3 v = {E 3 {y)} U [0, 00), and the 
semiaxis [0, 00) is a continuous part of the spectrum. 

Setting /i = 0, s = s min (z/), in (1781) . we obtain the optimum generalized oscillator 
representation for H 3tU , v G (— 7r/2, 7r/2), bounded from below, but not nonnegative. 
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